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: Let I be a non-empty set
.

of

Let Se be the set of all permutations

Given O
,
TESE define the operation

*F
G
**



em: The above operation is well-defined.

↓of : Let I be a non-empty set.

Let 0 :+ I and 5 :+I be permutations.

We must show that we is a permutation.

~airl : We is one-to-one

Suppose Wilal = 5t (b) where a be*.

Then r(y(all = r(t(b)

Sincea
is one-to-one

this

implies that iCal =
<(b) .

Since I is one-tor one
this

implies that a = b.

Hence se is one-to-one .

Main2 : It is onto.

Since W is unto there
LetcEI .

Gexists be with 0(b) = C.

Sincet is onto there exists

at with [(al = b

Then ,

(5 + )(a) = v(t(a) = +(b) = c

#
Thus ,

me is onto
-



Theorem : LetI be a non-empty set.
-

Then
,

Se is a group using function

composition as the group operation .

out:

① (closure) This was proven in the theorem above.

② (associativity) .

Let 5
,
5 , GES and ae

Then,

(O(c (1)(a) = 0 ((Wi(a)

= o + (r(a)

= (5)(r(a)
= ((rt)w)(a)

Thus,
r(tu) = (ot).

③ Cidentity) Let i :- I be defined as

&Iwi

i(x) = X
for all XI -

hunte
Then reSe-

have

Given TESe and a E we

(if)(a) = i(r(a)) = r(a)

(ri)(a) = +(i(a)) = o(a)



So
,
it = + = wi.

④ (inverses

Let WeSe :

DefineRESE by(y) = X iff r(x) = y.

By Math 2450/3450 this function is
#

well-defined.

Given ae I we
have

=

8F
(or")(a) = 0(0 (a)) = a

(r)(a)
= r(o(a)) = a .

I t
is the inverse

of w in S

Jef: For a non-empty set # We

call Se the Mymmetricgroup on E.



Bef: If I = El, 2, ..., m3 where ms, I is

an integer then we denote S by Su

-

EX : Let's calculate all the elements of S3
.

-

#



So ,

S =E(i)(i)(ill) .
(ii) . (ii)

-

I
,

the identity

Some example calculations are :

⑭ (iii)(

⑭-
-

these are

inverses



Therem: (Cayley's Theorem

Every group is isomorphic to a subgroup

of a symmetric group .

Rootf be a group .

Define T : G + So by P(a) = Pa

where Pa : G + G by 4a(x) = ax.

Se

·Tj
G



First let's show that t is well-defined.I

Let aEG .

claim : +Cal = Ya is an element of So
-

pf of

innow go
is one-to-one.

Suppose Pa(x) = 4a(x2) where XiXzEG
.

= aXz :

Then ,
aX

So , aaX ,
= aaXz

Thus X1 = X2.[So, ga is one-to-one.

second we show that I is on toa
Let be G.

abeG and
Then,

Talabl = aalb = b Jac
Thus , to is unto.



Claim : ↑ is a homomorphism
-

proof of claim :

#Leta
,
b EG .

Given Xe G we have

&ab(x) = (ab)X = a(bx)

= (a(bx) = 9a(9y(x)
= (94b)(X)⑫tas)

= 91
= 1292-tatihus,

& ab
= Pa9b

I

Main:
↑ is one-to-one

proof of

FThen
,

da = Ob.

Then
,



a = ae = 9a(e) = 9b(e) = be = b

s
So, a = b

.LThus
,

+ is one-to-une .

Summarizing the above we have that

↑ is an isomorphism between

G and the subgroup
in (t)[So.

SG

im(t)

⑭
-



Ex: Consider &3 = E ,
i

,
=] .

Then ,

J

⑰9(z) = T +
z = 5 = 0

Ez() = z + 5 =2

S23

im(t)
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